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Conformal gravity on noncommutative spacetime is considered in this paper. The presupposed 
gravity action consists of the Brans-Dicke gravity action with a special prefactor of the term, where 
the Ricci scalar couples to the scalar field, to maintain local conformal invariance and the Weyl 
gravity action. The commutation relations between the coordinates defining the noncommutative 
geometry are assumed to be of canonical shape. Based on the moyal star product, products of fields 
depending on the noncommutative coordinates are replaced by generalized expressions containing the 
usual fields and depending on the noncommutativity parameter. To maintain invariance under local 
conformal transformations with the gauge parameter depending on noncommutative coordinates, 
the fields have to be mapped to generalized fields by using Seiberg-Witten maps. According to the 
' moyal star product and the thus induced Seiberg-Witten maps the generalized conformal gravity 

I action is formulated and the corresponding field equations are derived. 
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I. INTRODUCTION 



The idea of noncommutative geometry was first considered in [l| . Since that time noncommutative geometry has 
become one of the most important concepts in fundamental physics. There exist two approaches to formulate field 
^ ^ theories on a spacetime with noncommuting coordinates. One possibility is the application of the the moyal star 
' product, which was developed in f?] and [3]. It is based on Weyl quantization and enables to convert products of fields 
, depending on noncommutative coordinates to generalized products of these fields depending on usual coordinates. 
These generahzed products of course contain the noncommutativity parameter defining the noncommutativity algebra. 
I ' Another way to treat noncommutative field theories is the coherent state approach, developed in and extended 

^ I by incorporating noncommuting momenta in [7] . In the coherent state approach are defined creation and annihilation 
^\ ' operators from the noncommutative coordinates with respect to which coherent states are defined. By using these 
. coherent states, plane waves depending on noncommutative coordinates can be expressed as generalized plane waves 
CO ' depending on usual coordinates. However, in this paper conformal gravity on noncommutative spacetime is considered 
' I , and the moyal star product approach is taken as a basis. Especially, a gravity action is presupposed, which consists 
CN ' of a special Brans-Dicke gravity action, where the prefactor of the coupling term between the Ricci scalar and the 
' scalar field is chosen in such a way to maintain local conformal invariance, on the one hand and of the Weyl gravity 
■ action on the other hand. Brans-Dicke theory was first developed in QjH. Conformally invariant theories, where the 
I ' gravitational constant arises from the scalar field, were considered in [l3|,[ll|. In [l^ has recently been considered 
J> . the relation between Einstein gravity and conformal gravity. 

A precondition to maintain invariance under a certain local symmetry group on noncommutative spacetime, sym- 
metry under conformal transformations in the special case of this paper, is the introduction of Seiberg-Witten maps, 



' which was devised in [13|. Seiberg-Witten maps relate the usual fields in the corresponding theory to generalized 
fields, which have to be used instead of the usual fields. The reason is that according to the moyal star product, on 
noncommutative spacetime additional terms appear for products of fields and this holds also for the products in the 
transformation rules of the fields, since the transformation parameters also have to be assumed to depend on the non- 
commutative coordinates, if a spacetime with noncommutative coordinates is presupposed. Based on these concepts, 
the moyal star product as well as the Seiberg-Witten maps, in Q , [Hi , [ill , [i3| were considered spacetime symmetries 
and general relativity on noncommutative spacetime. Other considerations concerning grav ity on noncommutative 
spacetime can be found in [11, [11, [I^, [2l|,[23,[2l, [11, [11, [2^^ [13, [11, [1^ for ex- 



ample and a noncommutative tetrad field was considered in [38[. In this paper, the idea of formulating a theory on 
noncommutative spacetime, which contains a certain symmetry, by introducing Seiberg-Witten maps is transferred 
to conformally invariant gravity. 

The paper is structured as follows: At the beginning, the conformally invariant gravity theory and the transition to 
noncommuting coordinates are presented. This means that the products within the action and within the transfor- 
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mation rules of the fields become products between fields depending on noncommuting coordinates. These products 
are converted to moyal star products. To maintain gauge invariance, the fields have to be replaced by generalized 
fields, which can be expressed in terms of the usual fields by using Seiberg-Witten maps. Accordingly the Seiberg- 
Witten maps corresponding to conformal transformations of the tetrad field and the scalar field are constructed and 
it is shown that they fulfil the general condition defining Seiberg-Witten maps. After this the corresponding gener- 
alized geometrical quantities, the determinant of the tetrad field, the connection referring to the gravitational field 
and the Riemann tensor on noncommutative spacetime, are calculated to obtain the conformally invariant combined 
Brans-Dicke and Weyl gravity action on noncommutative spacetime under presupposition of the moyal star product 
approach. Finally, the corresponding field equations are derived by varying the obtained generalized gravity action 
with respect to the tetrad field and the scalar field. 

II. CONFORMAL GRAVITY ACTION 

Before considering noncommutative spacetime, the presupposed gravity action is presented and it is reformulated 
in terms of the tetrad field, since this will simplify the treatment of the noncommutative case. In this paper is 
presupposed a gravity action consisting of a special Brans-Dicke gravity action and the Weyl gravity action, which 
looks as following, if it is formulated on usual spacetime: 



I 



(1) 



where (j) denotes a scalar field, g'^'^ denotes the metric, g its determinant detg^i/, R the Ricci scalar R = g^'^R^i, = 
g'^" Rfj,p„'' , where denotes the Ricci tensor and R^^pa the Riemann tensor, and Cp,„pcr denotes the conformal Weyl 
tensor depending on the metric tensor and the quantities constructed from it according to 



C'pi'pfj — Rp.i'pa 
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Rp^upcr {g fipRau gfiaRpf g^pRa^ ~t- g^a Rpp,^ ~^ ^ f^pScru RQp.aQpi'^ 



{Rgt^pQay - Rgt^a 9piy) 



(2) 



if the spacetime dimension D is assumed to be = 4. The gravity action ([T]) is invariant under the following local 
conformal transformations: 



implying the following transformations for the Ricci scalar and the squared Weyl tensor: 



(3) 



R 



-2X{x) 
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R-2{D-l) ^=^dp (y^g^^'dAix)) - {D - 1) {D - 2) g^'" dp\{x)d,Xix) 



--dp (V^g^-'dAix)) +g^''dp\{x)d.\{x) 



, since D — A, 



(4) 

which are relevant for the conformal gravity action ([T]). That g^j/ is transformed to e^^^^^t/^i, implies of course that 
the inverse metric g'^'^ is transformed to e~'^^^^^g^'^ and that the square root of the negative determinant of the metric 
^J—g is transformed to e'^^^^^^J—g. The prefactor of the coupling term between the Ricci scalar and the scalar field 
in ([1} is chosen in such a way that the transformation of this term implied by Q cancels the transformation of the 
kinetic term of the scalar field (p. The Weyl gravity action is invariant under conformal transformations, because the 
appearing factor after the conformal transformation of the squared Weyl tensor (|4]), from which it is constructed, 
exactly cancels the factor of the square root of the negative determinant of the metric. With respect to the further 
considerations, it will be useful to rewrite the conformal gravity action ^ and reexpress it by using the tetrad 
formulation of the gravitational field. The tetrad field, denoted by in this paper, where the Greek letter denotes 
the spacetime index and the Latin letter denotes the Lorentz index, is related to the metric as usual according to 



(5) 
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where rjmn denotes the Minkowski metric of flat spacetime. This means that the conformally invariant gravity action 
(P) expressed by the tetrad field JS]) reads 



Sc^ I d^x E ^E^'^E-;,^d^^d,(j> + (E) 0^ + c^,^, (E) C^''''" {E) 
where E = det E™ and the Riemann tensor is now defined by the spin connection according to 



(6) 



R';t{E) = d,to:\E) - d,uf{E) + uj^^%E)u;:\E) - u;:%E)uj^J> (E) , (7) 
the spin connection depends on the tetrad field in the following way: 

u;f{E) = 2E'"'df,Et - 2E''''d^E^ ~ 2E'"'d^El + 2E''^d^El + E^^E^'^E'^^d^El - E^cE'^'E^^d^E^, (8) 

and the Ricci tensor and the Ricci scalar are accordingly defined as: i?^ = E'^ R^fl and R — E^^Ej^R'^fl. The conformal 
tensor ^ expressed in terms of the tetrad field reads 

Cf_tupa{E) = EyaEabR'^f^p{E) — \E1^E paEybE^ R'^J'^{E) — E'l^E^raEiyhEl R}'p^{E) — E'^E paE ^i,EIR'^^^{E) 

+ElE„aEtibElR^p%{E)\ + - [E^ E^ R%{E)E'^EpaE^Eya ~ E^ E" R%{E)E'^^E„aEpEi,a] ■ (9) 

The conformal gravity action expressed by the tetrad field ([6]) is invariant under the conformal transformations 
corresponding to ([3]), which are of the following form: 

E^^e^'^'=^E'^ = E;^ + X{x)E;^+0{X'), ^ e^^^'V = - A(x)0 + O (A^) , (10) 
implying that the inverse tetrad E^^^ is transformed to e^^(^^_E,'^j. 

III. TRANSITION TO NONCOMMUTATIVE SPACETIME AND SEIBERG-WITTEN MAPS 

In this section the conformal gravity action presented in the last section will be formulated on noncommutative 
spacetime. This means that a transition from commuting to noncommuting coordinates has to be performed, ^ . 
The noncommutative geometry represented by the noncommuting coordinates x^ is assumed to be described by 
canonical commutation relations between the coordinates, which are of the following shape: 



[x^',x'']^i9^'\ (11) 

with 9^'^ being an antisymmetric tensor of second order not depending on the spacetime coordinates. To formulate 
field theories on such a spacetime, the moyal star product can be used, which maps products of fields depending on 
noncommuting coordinates to an extended expression containing the fields depending on usual coordinates, 



= if{x)i;(x) + '-e^'''dM^)dy^:{x) + O {0^) . (12) 

Thus the moyal star product enables the possibility to represent field theories on noncommutative spacetime as 
field theories with generalized expressions on usual spacetime. Performing the transition — ^ i'^ with respect 
to the conformally invariant gravity action ^ and replacing the thus obtained products of fields depending on 
noncommuting coordinates by the moyal star product according to leads to a generalized action, which is not 
invariant under conformal transformations anymore. The reason is that within the conformal transformations (jlOp . 
the usual coordinates also have to be replaced by the noncommuting ones leading to generalized transformation rules. 
To maintain invariance under these generalized conformal transformations, generalized fields as well as a generalized 
gauge parameter have to be introduced, which can be represented by the usual fields and the usual gauge parameter by 



2 do 

(f{x)ij{x) = ip{x) * i;{x) = exp ( -9^'^ — — 



(p{x)i;{y) 
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using Seiberg-Witten maps. The concept of Seiberg-Witten maps was originally introduced in [l^. Accordingly, in the 
conformal gravity action ([5]) not only the usual products have to be replaced by moyal star products as representation 
of products between fields depending on noncommutative coordinates, but also the fields itself have to be replaced 
by generalized fields, f [x) ^ f (a;), where the noncommutative fields / are related to the usual fields / by Seiberg- 
Witten maps. In case of conformal transformations the intricacy arises that in the usual case ([TU]) multiplying of the 
transformation operator from the left-hand side and from the right-hand side is equal, but in the noncommutative case 
this is not the case anymore, since the sign of the exponential in the moyal star product (fT2|) is inverted, if the order of 
the factors is inverted. Thus the transformation in the noncommutative case has to be defined to be performed from 
the right-hand side or from the left-hand side. Conventionally, noncommutative transformations are performed from 
the left-hand side in the noncommutative case, since for a Lie group, the U{1) excepted, the transformation has to be 
performed this way. The transformation of the adjoint field is then performed from the right-hand side. Accordingly, 
in this paper the conformal transformation of (j) and E!^, which is performed by the operator e~^, is assumed to be 
performed from the left-hand side in the noncommutative case, whereas the conformal transformation of as inverse 
of -E^, which is performed by the operator e^, is performed from the right-hand side in the noncommutative case. This 
definition is in a certain sense analogue to the case of noncommutative Yang-Mills transformations and it maintains 
that Seiberg-Witten maps can be found and that the Seiberg-Witten map of the tetrad field i?™ is isomorphic to the 
Seiberg-Witten map of the inverse tetrad field E!^ what will be considered below. Thus the noncommutative gauge 
transformations of the usual fields are defined as follows: 



E"^{x) 



e-^(*V(i) = e-^(^) * (t>{x) = (t>{x) - \{x) * (l>{x) + O (A^) , 
e-^(*)i?^(i) = e-^(-) * E^,,{x) = E^;,,{x) - \{x) * E^{x) + O (A^) , 
ii;™(x)e^(*) = * e^(-) = El-{x) -f E-;{x) * X{x) + O (A^) . 



(13) 



The replacement of the usual fields by the generalized fields leads to a generalized action corresponding to ([B]), which 
is of the following form: 



Sn = (fx E* 



-E^"^*E-;;,*d^c^*d, 



E] ^C'^P" 



(-) 



J fx E i^^™ * E';^ * * + ^E^ * El * Rf^ (^) * * <^ + c^,p, (e) * c^'^p'^ (e 



(14) 



where has been used in the second line that the following integral relation holds for the moyal star product: 



J d^x[f*g*h]^ J fx [f-{g* h)] . (15) 

In general the Seiberg-Witten maps are determined by the condition that a usual gauge transformation acting on the 
usual fields within the expressions of the generalized fields, which are defined by the Seiberg-Witten maps, is equal 
to a noncommutative gauge transformation, where the generalized gauge parameter acts on the generalized fields by 
presupposing the star product. In the special case of this paper, the conditions for the Seiberg-Witten maps are 
accordingly of the following form; 



54> = 54>. 5EP,^5E^, 5E^;:^5E^, (16) 

where the noncommutative gauge transformations of the noncommutative fields are in analogy to (jl3p defined as 
following: 

U{x) = e-^^^') * (^(a;) - 4>{x) = -A(x) * 4>{x) + O (A^) , 
SEii,{x) = e-^(-) * Eii,{x) EP,{x) = -X{x) * Eii^{x) + O (A^) , 

SE;^{x) ^ E^{x) * e^(-) - E^;:{x) = E^;:{x) * \{x) + O (A^) . (17) 

The conditions (jl6p containing the usual conformal transformation rule (jlOp and the noncommutative transformation 
rule PT)) is fulfilled by the following Seiberg-Witten maps for the scalar field 0, the tetrad field E"™, the inverse tetrad 
field E!^ and the conformal gauge transformation parameter A: 
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x^x-^9P''dpXd„(t> + o{e^). (is) 

By inserting these expressions ^TE\\ to the conditions ([T5| and showing that both sides of the equations are equal, the 
vahdity of the Seiberg-Witten maps can be proved. For the Seiberg-Witten map referring to the scalar field (j), 
the corresponding calculation is the following: 

-A0 = - ( A - ^0P''dp\d^(l)\(t)+O (6*2) ^ -Xcj} = -\(i)-lBP''dp\d„(l)+yP''dp\da<l>+0 {9^) ^ -X4> = -M, 

(19) 

and for the Seiberg-Witten map referring to the inverse tetrad field £'™ the calculation is the following: 
-\E^^ + '^^9P-dp<\>d„E^^ ^QP^dp (A0) d^E^;, - Y^9''^dp<\>da (Ai?^) + O {d^) 

= - (a - ^^Qp^dpXd,^ * (e>^^ + ^^6P-dp<\>d,EP^ + o {e") 

i\ 7 7A iEP' i\ 

j jT^m ,a 

= -Aii;^ - -Qp^dpXd^EP, + -^ep'^dp\d,<i, - —6P-dp^d,EP, + o (e^) 

7 A 7 iE^ 

^ -Ai?^ - —op-'dp^d^Ei^ - -^^''-apAa.ii;^ - -^^-ap^a.A + o {e') 

7 ? E^ 7 A 

= -Aii;^ - -ep'^dpXd.EP, + -^ep'^dpXd,4> - —ep-d^^d,EP, + o (e^) 

7 A 7 "i EP' 

^ -Ai^rn - ^op-^dp^d^EP, - -e^-^pAa^i;^ - -|ir-ap0a,A + o {e^) 

7 A 7 7 

= -Ai?^. - -ep'^dpci^d^EP^ - -0''-9pAa,ii;,';, - -^0p-dpci>dA + o {e') . (20) 

The calculation yielding the proof of the validity of the Seiberg-Witten map of the tetrad field E"^ is not listed here, 
since it is completely analogous to the one of i?^ with different signs at the beginning. Because of p9)) and ((20| it is 
clear that the noncommutative gauge transformations S fulfil also the consistency condition, that the commutator of 
two gauge transformations is again a gauge transformation, the trivial transformation in this case: 

6x6^ - Sjx = <5[A,«] = 0. (21) 



IV. GENERALIZED DYNAMICS INDUCED BY THE NONCOMMUTATIVITY 

It is now possible to calculate the action (ITil) as generalization of ^ preserving conformal invariance on noncom- 
mutative spacetime and containing the generalized fields being related to the usual fields by (jlSp . To obtain the 
elaborated expression for the action the several appearing factors have to be determined. The determinant of 
the generalized tetrad field containing the star product and the Seiberg-Witten map is calculated as following: 



E = 



24 
1 



^abcd 



K. * Et *E':*Ei 



eP^P^eabcdE^XE^Ei 



1 



24 
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24 

E + £{E,(j>, 



uiypo- 



Z?^ Z?^ j^d 



^abcd 

1 



-e^-dxE^d^Et E^Ei 



24 



^ahcd 



,^E:^ I E^E^pE^ 



^eP-P" eabcddxE^d^ElElEi + ^eP'^P'^ eabcddx^ 



77im pfc 771C TTid 



o (r 



(22) 
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where e^^'^P'^ denotes the totally antisymmetric tensor of fourth grade and £ {E, (j), 9) contains all additional terms 
arising from the star product and the Seiberg-Witten map. To calculate the generalized Riemann tensor on noncom- 

mutative spacetime depending on the generalized tetrad field, (^E^ , the generalized connection cj"'' (^E^ has to 
be determined first. Again this is done by expressing the connection in terms of the tetrad field, replacing the usual 
products by moyal star products and replacing the tetrad field by the generalized tetrad field and leads to 



Lof = 2E'''' * df,El - 2E'''' * df,E^ - 2E'"' * d^E^ + 2E'''' * d^E^ + E^.^ * E"'' * E"^ * d^E^ - E^^ * E"" * E"'' * d^E"^ 
= 2E'"'d^,El ~ 2E''''d^El - 2E'"'d^El + 2E''^d^El + E^^E'^'E'^^d^El - E^cE'^^'E'^^d^E^^ 

+ '-9^^ [2dxE''-d^d^Et - 2dxE''''d^d^El - 2dxE--d,.d,El + 2dxE''''d^d,El 

+dxE^,d^E-'''E-''d^E-, + dxE^.E-'^d^E'^'d^El + dxE^.E^^E^^'d^d^El 
+E^AE''-d^E^''d„El + E^AE'^-E^'d^d^El + E^^E'^^dxE'^'d^d^El 
-dxE^.d^E'^'^E^'d^E-^ - dxE^^E'^-d^E^'d^E-^ - dxE^^E'^^E'^'d^d^El 
-E.^dxE'^-d^E-'d^E-, - E.^dxE'^-E-'^d^d^El - E.^E^'^dxE^'d^d^El 



'^dxcj>d,E'''^d,El - '^Ox'^E^'-d^El 
'^dx(t>d.E''''d^,E: + '^dxct'E'^^'d^E-, 
'^dxct'd.E'^'^duEl + '^dx(t>E'"'d.El 
hxcj^d^E-^'d^E^' - ^dx^E-^'d^E"^ - 



^d^dx^E-'^'d^Et + \dx(j^E'"'d^,d^El 

^d^dxcj^E'^^d^Ei - 



d,.dx^E-''d.El ~ -dx<i}E-''d^.d.El 
d^dxcj^E'^'d^E-^ + -BxclyE'^^'d^d^El 



\dxci)d,E^,E--E''''d,El + \dx<l>E^,d^E'^-E-''d,El + ^dxc^E^.E^'^d^E^'d^El 
9 <P 9 

-^dxcbE^.E'^-E'^'d^E-^ + ^dME^cE'^^E'^^'d^E', + ^dx<jyE^,E'"'E''''d,d^El 
\dx(j>d^E^,E'^-E'''d,E', ~ \dx<^E^,d^E-<'E"''d,E% - -Bx^E^^.E^'^d^E^'^d^El 



2 dx<liE^,E'''^E''^d^E-, - -d,dx(I^E,,,E'"'E''''d^E-, - -dx(I^E,,,E'"' E'^" d.d^E'^, 



ujf [E) + {E, (t),9)+0 (6*2) 



(23) 



where in the last line all additional terms are contained in the extension term {E,(p,9), which depends because 
of also on the scalar field (j>. By using ([23]), the corresponding generalized Riemann tensor depending on the 



generalized tetrad field (^E^ can be calculated. 



E]-d. 



Lol^[E] ^Lbf'iE 



{e) *C:f(E) 



- d, [c.f {E) + r!f {E, 0, 9)] - a. [iof (E) + nf {E, cj,, 9)] 
+ [coif (E) + 17- {E, 0, 9)] * [^f (E) + {E, cj,, 9)] 
~ [E) + [E, 9)] * [E) + f^^" {E, 9)] + O [9^) 

= d,uf {E) - dM'^ [E) + {E) uj^ (E) (E) (E) + d,nf {E, 0, ( 



dMfiE,. 



+ -9^^dxLo1^ [E) d^Lol' {E) + < {E) {E, 0, 9) + 17^ {E, 0, 9) ujf (E) 



--9^^dxio:' (E) d^Lof (E) - c.- (E) {E, 0, 9) - 17^ {E, 0, 9) i^f (E) + O {9^) 



(24) 



where all additional terms are contained in the extension TZ^f^ {E, (j), 9), which again also depends on the scalar field. 
With the generalized expression for the Riemann tensor (j24p the generalized expression for the conformal Weyl tensor 
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depending on the generalized tetrad field C^^pa {^E^ can be calculated, 

Cnupcr = R^upa ~ (^9tJ.p * Rai/ ~ 9ncr * Rpv ~ 9vp * Rap, + Qvcr * Rpp^ "I" g * 9p-p * — R* 9ptT * 

= * E^b * Rt - * 4„ * * El * - ^« * E^a * Kb * El * R>>;^ - El * Ep, * E^t, * E^ * RI% 

+EI * E,a * Ep,b * El * Rl%^ + i (eI * El * i?^^, * * £;p, * * E,a - El * El * i?^^, * * E,a * E^ * E, 



rp rp Da6 / 7710 tti 771 tt'T d&c Tria 771 77 77T jDbc rpa rp 77 77T rybc , Z7a 77 77 77T rybc \ 

— ^uai^ab^^p — yi^^^pai^ubi^c ^crr ~ ^ p-^cra-i^ub-i^c ^pr ~ ^u^pa^^b^c ^ar + ^u^^ya^^pb^c ^pr) 

1 

+ 3 

= Cf^.p^E) +C,,,p^ {E,^,e) + O (e^) , (25) 



(El El R'llEl^EpaE^Eiya - El El B!l1E1^EcraEpEiya) + -4^i/p(T 0) + S^i/pCT (i?, 0, 0) + O (0^) 



where C^i/^o- <?ii, 0) = Api^p^ {E, 9) + Bfjtvpa {E, (j), 9) and thus contains all additional terms, Ap,vpcr {E, 9) contains all 
additional terms arising from the the star product and Bp^p^ {E, </>, 9) contains all additional terms arising from the 
Seiberg-Witten map. Accordingly the tensors Ap^pa {E, 9) and Bpi,pa- {E, ^, 9) are defined as 



?a6 



Api,pa = ■^9^'^ [d\EvadKEcrbRp^p + dxE^aEabdnRp^p + E^adxEcrbdnRpp 

~ (dxE^dKEpaE^bEl R'II + dxEI^EpadnE^bEl R^^ + dxEI^EpaE^bdnEl R'II + OxE^EpaE^bEldnR'^Jl 
+E-pdxEpad,E^bElR% + EldxEpaE^bd^ElRl^^ + EpxEpaE^bEld^R^I 

+EpEpadxE^bdKEl R'II + E1^EpadxEi,bEldKR'l% + E^^EpaEi^bOxEldKRal 

~dxEl^dK.Ec;aE„bEl R''pl — dxE^E^adnEi^bElR'll. — dxE^E^aEi^bdnEl R'II — dxE^E^aEvbEld^Rp^ 
—EpdxEcadKEi,bElRp1 — El^dxE^aEubdnElR'^ll. — El^dxEcraEubEld^R^p^ 
—El^EaadxEiybd^ElRllll — El^EaadxE^bEldt^R'^ll. — El^EcraEvbdxEld^R'^ilr 



—dxEld^EpaEpbElR^^^ — dxEIEpad^EpbElR^^^ — dxE^EpaEpbd^ElR^^^ — dxE^EpaEpbEld^R'^j. 
—E^dxEpadiiEpbElR'll — E^dxEpaEpbd^ElR'l'l — E^dxEpaEpbEldnR'll 
—E^EpadxEpbd^El R'II — E^EpadxEpbEl d^R'^l — E^EpaEpbdxEld^R^ 

+dxEldKE„aEpbEl Rp^j. + dxE^EaadnEpbEl Rp^^. + dxE^E^aEpbdnEl Rp^^ + dxE^E^aEpbEldnRpr 
+EldxEaadKEpbEl Rp^j. + E^dxE^aEpbdnEl Rpl + E^dxE^aEpbEldnRpr 
+ElE^adxEpbd^ElRll + E^E^adxEpbEld^R^I + E^E^aEpbOxEld^R^';) 

+ i {dxEld^ElR\lElEp,E-E,, + dxElEld^R^lE^Ep^E^^E,, + dxElElR^^ld^E^Ep.E^E,, 

IP'^ Z?^ E?^c rpacj 771 jpa 771 1 fi tt't jpt! rybc jria tti f) rpa 171 1 rpr rpv jjhc rpa 771 Tpa rp 
+0\^b ^TV^p^iiJ^paJ^a-^va + 0\^b i^rv^p^paOnJi^a^va + CA-C/ft ^rv^p^pa-C^a'^K-l^m 

+EbdxEldKRr'v^p^paE^Eva + El dxEl R^ldnE^EpaE^E^a + EbdxEl R^\,El^dK,EpaE^E,^a 
+EldxEl R^IE^Epad^E^E^a + EldxElR^^IEI^EpaEld^Ej^a + ElEldxR^^d^E^EpaE^E^a 
+ElEldxRlZE^di^EpaE^E^a + ElEldxR^^IEI^Epad^E^E^a + ElEldxRl^E^EpaE^d^E^a 
+Eb El R^^dxE^d^EpaE^E^a + El El R^%dxE^EpadK,E^Ei,a + El El R^ldxE^EpaE^d^E^a 

+EI El R^^jjE^dxEpadnE^E^a + El El R^IE^dxEpaE^d^E^a + El El R^IE^EpadxE^d^E^a 
—8\ FIB Fy F"F F"F — B\ FT F'"B R^'^ F°-F F°-F — 8\ FT F^ R^'^ Ft F°-F F°-F 

IT T^v r)bc J^a r\ 771 7710 r ^) J^t ji^v rybc r^a rp a 770 77 f) Z?"?" Z?^ 77077 77a; 

b-t^c ^TV^pClK^craJ^pJ^ua — OX^^b ^c ^^tv^ p^craOKi^ pi^va — OX^^b ^c ^tv^ n^tya^^ p(- 

JxEl dnRrlEpEcraEp Ei,a — El dxEl R'^ldnE'l^EaaEp Ei^a ~ El 8 X El R'^1 E^c 

IdxEl R^IE^EcraEpdKEi^a — ElEldxRrv^^K-Epj- 

b ^c '-'X^'-Tv^p'-'i^J^craJ^pJ^va — ^^b Ec dxR^jE fj_l 
IT rpv rybc a 77a a 77 77a 77 77T 77't^ rybc Ct 77a i 

b ^c ^Tv(^X^pOK-t^aaJ^p^ua - ^b ^c ^rv^Xi^ pi^aa<~'K.^ pJ^ua - J^b ^c ^''tv'^XJ^ f^J^aa^^ p'^ 

—ElElR'^IE^dxEcradnE'^E^a — El El R'^IEl^dxEcraEpd^Eiya — ElElR'^IEl^E^adxEpd^Ei^a)] , (26) 



drpr rpv rybc rpac\ 77 rpa rp c\ jpr jpv rybc rpa rp a 77077 f) Z7'?" Z7^ 77077 Lpa f) rp 

A^h J^c ^TV^pClK^craJ^pJ^ua — OX^^b ^c ^^tv^ p^craOKi^ pi^va — OX^^b ^c ^tv^ n^tya^^ pOnt^i, 

— El dxEl dnRrlEpEcraEp Ei,a — EldxEl R'^ldnE'l^EaaEpEiya — EldxElR'^lE^dnEaaEpEi, 

T?'^ fi T?'^ D^c 77a 77 n 77a 77 77r o 77't^ rybc 77a 77 77a a 77 77r 77iJ n rybc o 77a 77 77a 77 

— i^b'^>^^c^Tv^p^<yo.C)K.i^pi^va — rjb^Xi^c J^TV^p^caJ^pOKJ^i^a — J^b ^c (^X^tv^^i^^ p^caJ^ p J^u 

— El EldxRrlE'ldK.EaaEpEi^a — El EldxR^'^jE^EcradnEpEi^a — El El dxRrlEl^EcraEpdnEi, 
77T 77iJ rybc a 7700 77 77a 77 77T 77't^ rybc Ct 77a 77 a 77a 77 77r 771; rybc o 77a 77 jpo, Pi 17 
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ie 



Xk, 



2(f> 



{OxcjydK.E^aEabR'^J^p + dxcj^EiyadKE^bRlfp) + E^aEabT^l^p (E, 



ie 



2(1) 



[dx4'dK,E^EpaE^t,E'^ Ra'r + d\(j)E^dKEpaE^i,E'J^R'^% + dx4>E^EpadKE^t,E'^Ra'T + dx4'EpEpaE^},di^E'lR^ 



-dx<j)dnElE,aEubElR% - dx(t>Eld^E„aE,bElR% 
-dxcbd^E^EpaEpbE^^Rl% - dx(l)Eld^EpaEpbElR% 
+dx(t)dKE^E„aEpbElR''p'!^ + dxcfyE'^d^EcraEpbElR^p^ 
+EpEpaE,ybE'^TZ'^'^^ (E, <j), 0) — E'^EaaEubElTZ^p^ [E, < 



be 



dxci^ElE^ad^E^bElR'p^^ - dxcj^E^^E^aE^bd^E^ R^, 
dx^ElEpad^E^bElR% - dxcbE^EpaE^bd,E^,Rl% 
- dx(t)E'^EcradKE ^bEl R^p^ + dx4'E^EcaEpbdK,E'[R''p'^^) 
• ^) ^ E'^EpaEpbE^TZ'^^^ (E, <j), 0) + E'^EaaE^bEllV'p^ {E, <j), 6)] 



Xk 



2<j) 



{dxc^d^ElE^RllE'^^EpaE'^E^a + dxcj^E^d^.E^R^E^^EpaE'^E^a + dxcj^E^E^R^d^E'^^EpaE^E, 



+dx4>ElE]!R^^^E1^df^EpaE'^Eya + dx4>El E^ R'^IE^Epad^E^E^a + dx4>El E"^ RI^^^E^E paE'^df^Ej^a 
—dx4'dKEl E" R^':^E'^EcraEpE^a — dx4>El df^E]! R^^^EpEcraEI^E^a — dx4'El E'^ R'^^^d^EpEaaEpEiya 
-~dx(t>EJ^ E^! R'^IE'j^dt^EcraEpE^a — dx(t)E]^ E^ R'^IE'^E^adKEpEiya ~ d\<t)ElE'"^J^^^E'^^E„aE'^pdK,E^a) 
+EbE'^7l^1j {E, 4>, 9) E'^EpaE^Ejya — ElE'^V}f^ {E, (j), 9) E'^'^EaaEpEiya] ■ 

Inserting the generalized determinant (|22p . the generalized Riemann tensor (1241) depending on the generalized con- 
nection defined in p3l) and the generalized conformal tensor (l25t depending on p4p to the generalized conformally 
invariant gravity action ()14p yields the following expression for the generalized conformal gravity action: 



(27) 



Sc 



(TxiE 

1 
2 



+ ^Ej^E^R^ {E) 02 + Cp^p^ (E) C^^'^P'^ {E) + i9^^ (\dxE^^^d.E^^dp<l)d,(^ 



^dxE^^'^E^^d^dpC^d^cf) + -dxE^^'^E':^dp<pd,d,c^ + -E^^"'E':^dxdp<pd^d,<P + —dxE^d^E^Rf, [E) 0^ 
-^dxE^E^d^R^ [E) 02 + }^dxE^ElRf, (E) 09.0 + l^E^^EldxRf, (E) 09.0 + ^E^E^R-J^ (E) 9^09.0 



+ ^dx^d^E^"'E^,d^<t>d,^ 



^dxc^d^E^Ej^R;l (E) A + ^E^E^n;l {e, 0, 9) + 2c ^,p. (e) c^-"- {E, ct>, t 



+£ iE,<p,9) 



i?^'"i?;;9^0a,0 + ^E^.E^bRp. (E) cf" + Cp^p, {E) C^'^P^ (E) 



(28) 



Variation of this action (l28l) with respect to and E!^, ^ and yields the corresponding field equations: 



^dp (EE'^^E^M) + ^EEPE^R;1 (E) cj) + i9 



Xk 



-^dp {EdxEP^d^E^M) - \d. {EdxEP^d^E^,,dp^ 



{d^dp {EdxEP"^E';M) + {EdxE^"'Ei;^d^dpq)) + d^d, (EdxE^'^'E'^M) + {EdxE^'"'E'„^dM)) 
dxdp (i?i?^'"i?^,a.9.0) - ]d^d, {EE^^^-El^dxdp<j)) + ^EdxEi:d.E^bR;l (E) <t> + ^EdxE^^E^d^Rf^ {E) 
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EdxEPE^,R;l (E) 5.0 - ^5. {EdxEl^E^R^l [E) 0) + ^EE^E'^dxRf, (E) 5.0 - ^9. {EEi^E^dxR^l (E) 0) 
-j^dx {EE^E^bRt (E) a.0) - ^a. (E) dx<t>) - ^Edxctyd.E^-^E^^dp^pdA - \dx (^^Ed^E^^^^ E^^dp^d.^ 

-^dp f^Edx^d^E>^"^E-;^d,A - f^Edx^^d^EP^-El^^dpA - ^dx {Ed^E^^E^Rf^ {E)4>) + ^Edx<Pd^EPE'^Rf^ (E) 



(29) 



^EE^iE^TZHiE,^, 



—EEl^Eb 
12 " ^ 



Sn'±(E,(t),9) „ 



(E) 



(50 



--E^^E'^Rf, (E) 02 + Cp^p, [E) C^"-"- [E) 



- dp {£ {E, 0, 9) E^^^^E'^M) + {E, 0, 0) E^E^RH {E)cp + (9^) = 0, 
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-EEl I ii?''"i?^9^</>a.0 + ^E^^ElRf, {E) <i? + C^.p, (E) C>^^p^ (E) 



+it 



^dxE^'^d.E^Ld, 



IdxE^^'^E'Ld.d,, 



-E'^^'E-^^dxd^cl^d^d,^ 



dxE^:d^E^,Rli (E) , 



^dxEl^E^d^RH {E) 02 + ^-dxE^.E'^Rf, {E) 4>d. 



24 

^E^E'^Rll (E) dx4>d,4> + -^aA09«i?'""K,a,,0a,</) + ^Oxc^o^ei^e^kI (e) 



12 



1 



24 



20 



1 



12 



E^.E'^dxRll (E) <pd,^ 

^E^,EinfAEA,e)4>^ 



+2C^,p„ {E)C^''P^ {E,cj),e)} + 



6£{E,(t),9) 



SEl^ 



\E^^^E';^d,<l,dA + ^EiiE^Rf, (E) <t>^ + C^.p. {E) C^^'"- {E) 



,5Cxupa {E) „Xvp 



+EE'"'d^c^d,(j) + -EE^R^Jl (E) 02 + 2E ^g^^ ^ C^'^^" (i;) + ifl^'^ 



Ja, (EdxE'^'d^^ 



ii?aAi?'^''9K9^09.0 - ^dx [EE^-d^d^ 
^EE-^'^dxd^^d^d,^ + -EE''''dxd,(l>d^d^ 



1 



]^EdxE'^'^d^c^dM - \dx [EE'^'^d^c^d^d, 

1 



4 
1 

"24 



{Ed^E'^Rf, (E) 02) _ ij^a^ {EdxEj^RH (E) 0^) 



c6 



EdxEPd^Ej;^-^{E)<p' 



1 



5Ei 



46 



EdxE'^Rf, {E) <jyd.c^ - (£^) 



- ^i?9Ai;6^5«i?;:t (^) 0' - [EEid.Rf, {E) 02; 
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1 6R±(E) 1 

(i?i?^'£;,^09.0) + ^EElRf, (E) 9a09k,< 



EdxEPEl 



6El^ 



-^d,{EdxE^EUE)cf') 



EE^dxRll (E) cl^d. 



5Rf^ (E) 

-11/ fiiy \ / . 



lEEi^E f"^-^'^ ' dxcj^d.^^ + -^Edxcj^d^E^'^d^^^,, 



( ^Edx4>E''-d^dpd,^ 



- { Edxc^d^E^R;l (E) ct^-d, {Edxct^ElR^l {E) 0) + Edx^d^E^E, 



M%iE) 

5E^ ' 



-EE'^nfAE.' 



1 STIZ (E, ( 
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+ 2i?^^^gi^C-- (iJ, 0, 9) + 2ECX.P. [E) '^""^g''^''^ 



+£{E,4>,i 



JRfAE)^, , o'5C'A.p.(i?)^A. 



6El^ 



[E) 



O (6i2) = 0. 



(30) 



In the field equations and (PO]) . the variation of the Riemann tensor, of the Weyl tensor, of their extenstions and 
of the extension of the determinant of the terad field lead to boundary terms vanishing through integration. 



V. SUMMARY AND DISCUSSION 



It has been formulated conformal gravity on noncommutative spacetime. The presupposed gravity action consists of 
the conformal Weyl gravity action and a special Brans-Dicke action, where the prefactor of the coupling term between 
the Ricci scalar and the scalar field has been chosen in such a way that its transformation cancels the transformation of 
the kinetic term of the scalar field under conformal transformations. The geometry of the noncommutative spacetime 
has been assumed to be described by canonical commutation relations of the coordinates. To treat the gravity action 
as field theory on noncommutative spacetime, the moyal star product approach has been used, which is based on 
Weyl quantization and maps products of fields depending on noncomniuting coordinates to generalized products 
of these fields depending on usual commuting coordinates and the tensor determining the nontrivial commutation 
relations of the coordinates. If the conformal gravity action were reformulated by just transforming usual products 
to moyal star products, conformal invariance would be spoiled, because the products within the transformation 
rules containing the gauge parameter have to be transformed to star products, too. To maintain a certain local 
symmetry on noncommutative spacetime, conformal symmetry in the special case considered in this paper, Seiberg- 
Witten maps have to be introduced mapping the fields to generalized fields depending on the original fields and 
on the noncommutativity tensor and mapping the gauge parameter to a generalized gauge parameter. Accordingly, 
the corresponding Seiberg-Witten maps have been formulated by using the consistency condition that a usual gauge 
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transformation of the generalized fields, what means a commutative gauge transformation of the usual fields appearing 
in the expression of the Seiberg-Witten map, has to be equal to a noncommutative gauge transformation of the 
generalized fields with the generalized gauge parameter. Whereas the Seiberg-Witten map of the scalar field maps the 
usual scalar field to itself implying that the noncommuting quantity equals the usual quantity, the gauge parameter as 
well as the tetrad field describing the gravitational field and the inverse tetrad field are modified decisively. Replacing 
the usual coordinates by the noncommuting coordinates, replacing the corresponding products of fields by the moyal 
star product and inserting the obtained Seiberg-Witten maps to the gravity action have yielded the generalized gravity 
action from which the field equations of gravity can be extracted. Since the Seiberg-Witten map of the tetrad field also 
contains the scalar field, this leads to a very complicated interaction structure between the tetrad field and the scalar 
field, because the generalized Ricci scalar as well as the generalized Weyl tensor depend on the scalar field. As theory 
on noncommutative spacetime the presented conformal gravity theory could be seen as a classical approximation 
to a fundamental quantum theory of gravity, where the problem of nonrenormalizability does perhaps not appear. 
If the conformal symmetry would be interpreted as fundamental symmetry, the theory should be combined with a 
conformal invariant version of the standard model. In combination with a further scalar field, the Higgs field of the 
standard model coupled in an appropriate way to the other scalar field for example, and under presupposition of self- 
interaction terms of fourth order for the scalar fields, the gravitational constant could be generated by spontaneous 
symmetry breaking without violating conformal invariance and this would lead to the usual Einstein-Hilbert term 
on noncommutative spacetime. The application of the modified gravity theory to cosmology could yield a possible 
explanation of the acceleration of the expansion rate of the universe. 
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